We present a scheme allowing to access the squeezing parameter of multimode fields by means of the dynamics of nonlocal quantum probes. The model under consideration is composed of two twolevel systems which are coupled locally to an environment consisting of nonlocally correlated field modes given by two-mode Gaussian states. Introducing independently switchable interactions, one observes revivals of nonlocal coherences of the two-qubit system which are unambiguously connected to the squeezing parameter of the Gaussian environmental states. Thus, the locally interacting two two-level systems represent a dynamical quantum probe for the squeezing in multimode fields. It is finally demonstrated that perfectly reviving nonlocal coherences also persists for nonentangled correlated field modes and an explanation for this phenomenon is presented by connecting it to the correlation coefficient of the environmental coupling operators.
I. INTRODUCTION
In almost any experiment and application of interacting many-body quantum systems only a small number of degrees of freedom can be controlled and manipulated while the rest remains experimentally inaccessible. The theory of open quantum systems [1] provides a different view on this fact: The controllable quantities define an open system whose dynamics is substantially affected by the inaccessible degrees of freedom constituting the environment. The environmental properties are thus imprinted on the dynamics of the open system to a certain degree making the open system a quantum probe for the environment.
Recently, the use of quantum probes has been demonstrated experimentally ranging from all-optical setups [2, 3] to quantum many-body systems [4] . In addition, several theoretical studies have shown quantum probing strategies in various other quantum systems [5] [6] [7] [8] [9] [10] [11] . The extraction of information about the complex environment employing a quantum probe is frequently connected to non-Markovian dynamics using the concept of the information flux between the open system and its environment [12, 13] . More precisely, the environmental properties are revealed by the non-Markovianity of the open system dynamics [5, 8, 11] .
Several experiments [14] [15] [16] have been performed quantifying non-Markovian behavior in terms of the flow of information between the open system and its environment. Apart from long-lasting, non-negligible systemenvironment correlations inducing memory effects, it has been shown theoretically as well as experimentally that they can also be caused by nonlocal environmental correlations [2, 8] . The first model studied in Ref. [8] illustrates this effect by means of an open system consisting of two qubits coupled locally to a multimode field in a nonlocally correlated initial state. Here, we consider this model with independently switchable interactions, which is inspired by the idea of having controllable quantum sensors probing the system of interest, and provide the correct expressions for the quantum dynamical map for environmental states given by a product of two-mode Gaussian states. For suitably adjusted parameters and consecutively applied interactions, there are almost perfectly reviving nonlocal coherences identifying nonlocal memory effects.
We then demonstrate how these nonlocal memory effects are influenced by the properties of the environmental multimode field imprinting unique signatures on the dynamics of the open system. It can be shown that the strength of the renascent coherences, corresponding to the recovery of entanglement of maximally entangled two-qubit Bell states, is unambiguously connected to the squeezing in two-mode Gaussian states as a function of the interaction length of the subsequently applied local interactions. By monitoring the rephasing of the nonlocal coherences for various time durations of the interaction one is able to reveal the squeezing of the multimode field. As the rephasing is inherently linked to a backflow of information the dynamics of the open system thus provides a non-Markovian dynamical quantum probe for these environmental properties.
We finally demonstrate that entanglement is not necessary for the occurrence of perfectly reviving nonlocal coherences by considering nonentangled, mixed two-mode Gaussian states showing even stronger memory effects. By means of an approximated dynamics, neglecting the free evolution, an explanation for the phenomenon of nonlocal memory effects along with a necessary and sufficient condition for the properties of the two-mode Gaussian states for sufficiently short interactions is provided by linking it to the magnitude of the correlation coefficient of the environmental coupling operators.
II. PHYSICAL MODEL
We investigate the model of two two-level systems coupled to a bosonic environment which was studied previously regarding the occurrence of nonlocal memory effects [8] . Each of the two qubits interacts locally with its own multimode bosonic environment, where the two environments are initially in a correlated total state (see Fig. 1 ). In fact, one chooses for the initial state a product of two-mode Gaussian states correlating pairs of modes of the two bosonic environments.
The Hamiltonian of the total system is given by
with
Here,b 
The coefficient g i k denotes the strength of the coupling between subsystem i and its bath mode k. Without loss of generality we assume that the coupling strengths are real-valued, i.e. g i k ∈ R for i = 1, 2 and all k. The function χ i (t) is given by
for some t f i > t s i > 0. It models the turning-on and -off of the local interactions of subsystem i at time t s i and t f i , respectively. The duration of the local interactions and the turning-on can be varied independently for both subsystems so that it is possible to tune continuously from simultaneous to a successive application of the interactions. This setup is motivated by the idea of having FIG. 1. Schematic picture of two two-level systems coupled locally to a correlated multimode environment. The environment is initially in a product state of two-mode Gaussian states correlating pairs of modes of the two baths. The local interactions can be turned on and off independently.
controllable quantum sensors which can be brought in contact with a complex environment for a certain time interval, thereby acting as a quantum probe for environmental properties. Without loss of generality we assume t
The essential part of the Hamiltonian is a well-known, simple example of the spin-boson model leading to decoherence of the two-level system [17] . The dynamics of the model is conveniently solved in the interaction picture. Turning to this picture the interaction Hamiltonian transforms into
(5) Due to the bosonic commutation relation the commutator of the Hamiltonian at different times is a c-number function, i.e.
where
It is well known [1] that the time evolution operator in the interaction picture is then given by
where T denotes the chronological time-ordering. The evolution operator thus consists of an overall phase factor
which can be rewritten as
and
Here, we used that
Note that the phase factor e iω j k t s j , taking into account the influence of the free evolution prior the turning-on of the interaction, is missing in Ref. [8] . One concludes that the operator V (t) is a product of two-mode displacement or Weyl operators. The local unitaries V j (t) (V (t) ≡ V 1 (t)V 2 (t)) act therefore according to
where D denotes the (single-mode) displacement operator and |0 , |1 refer to the ground and excited state of the two-level system, respectively. Moreover, |η is an arbitrary pure state of the environment. Finally, the time evolution operator in the Schrödinger picture is given by
Thus, the time evolution of the initially factorizing state
where |ψ 12 refers to any pure state of the two-qubit system, i.e.
|ψ 12 = a 00 |00 + a 01 |01 + a 10 |10 + a 11 |11 ,
is a product state of arbitrary two-mode states |η k 12 of the kth mode of bath 1 and 2, reads
Here, the time-evolved environmental states are given by
The reduced state of the two two-level systems is then obtained by taking the partial trace over the environmental degrees of freedom which yields
Using the identities
Hence, χ rsmn k is the Wigner characteristic function of the pure state |η k 12 which is easily determined for two-mode Gaussian states. The previous derivation assumed for the sake of clarity pure environmental states which can however easily be generalized to arbitrary states ρ E,k of the kth bath modes.
III. COHERENCE FACTORS FOR TWO-MODE GAUSSIAN STATES
In the following we present the explicit expressions for the coherence factors (20)−(25) if the environmental state ρ E,k of the kth bath modes is chosen to be a two-mode Gaussian state whose covariance matrix is in standard form. These states are distinguished among other continuous variable system states due to their experimental relevance and simple mathematical structure. More precisely, they arise for example as states of the light field of lasers and are completely determined by the first and second moments of canonical operators. Moreover, extending the concept of quantum discord to continuous variable systems [18, 19] , it has been shown that all two-mode Gaussian states which do not factorize have nonzero quantum discord. Without loss of generality one may assume that the Gaussian state has zero mean as this can always be achieved applying local unitary operations [20, 21] . This does, however, not change the quantum correlations of the two-mode state measured by the quantum discord we are mainly interested in.
We recall that a state of a continuous variable system ρ ∈ S(L 2 (R n )) is an n-mode Gaussian state if and only if for all x, y ∈ R n the observableŶ ≡ n j=1 (x jpj − y jqj ) has a normal distribution on R in the state ρ [21] , wherê
define the canonical position and momentum operators. That is, one finds for the characteristic function
where z j = x j +iy j for all j and w T = (y 1 , x 1 , . . . , y n , x n ) and l i = p i , m i = q i denote the mean position and momentum. Moreover, the (2n × 2n)-matrix S is the covariance matrix of the operatorX = (q 1 , −p 1 , . . . ,q n , −p n ), i.e.
Equivalently, one may replace S by Ω n σ X Ω T n [22, 23] , where the covariance matrix is given with respect to the usual canonical operatorsX = (q 1 ,p 1 , . . . ,q n ,p n ) and
defines the symplectic form encoding the canonical commutation relations.
One can show [21, 24] that the right hand side of Eq. (31) defines the characteristic function of an n-mode Gaussian state for some l, m ∈ R n and S ≥ 0 if and only if
This condition is sometimes called the RobertsonSchrödinger uncertainty relation and is a direct consequence of the Schrödinger uncertainty relation and Williamson's theorem [25] which states that any realvalued, symmetric and positive matrix can be transformed into diagonal form by an appropriate symplectic operation [24] . Note that Eq. (35) implies positivity of S and that one has S + (i/2)Ω n ≥ 0 if and only if S − (i/2)Ω n ≥ 0. Now, suppose that the environmental states ρ E,k for all k are two-mode Gaussian states with zero mean. According to Eq. (31), Eq. (27) is then given by
and S k satisfies Eq. (35) . We point out that the covariance matrix which is considered in Ref. [8] violates Eq. (35) for any c = 0 .
For any two-mode covariance matrix S there exist local symplectic operations such that the expectation values {q i ,p j } are removed [26, 27] . This implies that S is transformed into the so called standard form
where a, b, c ± ∈ R and a, b ≥ 1/2. We remark that the local symplectic operations correspond to special local unitaries on the level of density operators [19, 21] so that the quantum discord of two-mode states is invariant under such a transformation of the covariance matrix. As a covariance matrix in standard form has vanishing crosscovariances {q i ,p j } , one directly sees from the definition that such a matrix, associated to the set of operatorŝ
The coherence factors defined in Eqs. (20)- (25) can now be written as products of characteristic functions, i.e.
whereκ j (t) = κ j (t) and S k refers to the covariance matrix of a zero-mean two-mode Gaussian state. Henceforth, we assume that the Gaussian states are identical for all modes, i.e. S k = S for all k and are in standard form. After performing the continuum limit for an ohmic spectral density J j (ω) = α j ω exp[−ω/ω c ] with equal cutoff frequency ω c but different couplings α j for the two bosonic baths, the exponential functions in Eqs. (39)- (42) can be evaluated for a general covariance matrix in standard form employing Laplace transforms. One obtains expressions containing the Laplace transform L of (1 − cos(yt))/t and sin-modulated functions in the exponent which can be evaluated using standard techniques.
More precisely, by means of
for s = 0 one obtains for the coherence factors (39)-(42)
given a covariance matrix in standard form (38) with realvalued coefficients a, b and c ± . Here, we have set t s 1 = 0 for simplicity. The time t s 2 , at which the interaction of the second spin with its bath is turned on, remains however arbitrary.
IV. SQUEEZED THERMAL STATES
Having derived the expressions for the coherence factors assuming two-mode Gaussian states in standard form (38) with zero means, we now turn to a relevant subclass of these states for which we have c + = −c − . We consider squeezed thermal states (STS) which are obtained from thermal states, described by a diagonal covariance matrix, by applying only linear and bilinear interactions of modes. More precisely, they are generated by the (two-mode) squeezing operator
with r ∈ R acting on the tensor product of thermal states with mean photon number N 1 and N 2 for the modes associated to the annihilation (creation) operatorsb
2 , respectively [28] . The variable r is referred to as the squeezing parameter. Values of about r = 5 can be realized in experiments [29] . The associated covariance matrix σ STS X,r is in standard form and determined by
As one can see, the squeezing operator is an active device meaning that it adds energy to the initial states. The difference in the mean photon number is, however, a constant of motion so that the squeezing operator adds or removes excitations to the same degree to either modes. The assumption of equal covariance matrices S k for all pairs of modes k amounts to a mode-dependent temperature such that the ratio ( ω)/(k B T ) is constant. For high temperatures and a small cutoff frequency this is approximately satisfied.
The entanglement properties of the squeezed thermal states are uncovered using the PPT-criterion which has been proven to be a necessary and sufficient entanglement criterion for two-mode Gaussian states [26, 27] . Applying this criterion one finds that a squeezed thermal state is separable if and only if the following inequality is satisfied:
Thus, for a sufficiently strong squeezing r and fixed mean photon numbers N 1 and N 2 , positivity under partial transposition is violated. The strength of the violation can then be used as an entanglement quantifier.
A. EPR state
A special squeezed thermal state is given by the twomode squeezed vacuum which is also referred to as twinbeam state. It is thus characterized by N 1 = N 2 = 0 and defines a symmetric two-mode Gaussian state satisfying a = b (see Eqs. (50) and (51)). By comparison with Eq. (53) one recognizes immediately that a squeezed vacuum state is entangled if and only if r = 0 which is directly clear from its representation in the Fock basis [30] 
where u = tanh(r) and |n denotes the nth Fock state. Hence, this state is the analog of a maximally entangled state for continuous variable systems as it corresponds to the Schmidt decomposition of a maximally entangled state for r → ∞. The state represents the physical realization of the model used by Einstein, Podolski and Rosen in their famous Gedankenexperiment [31] for which reason it is also called EPR state [23] . This becomes clear by considering the state in the position representation which is given by
One immediately recognizes that the exponent is dominated by the second term in the limit r → +∞, yielding a wave function with strongly correlated particle positions. In the opposite limit, i.e. r → −∞, the wave function describes strong anti-correlations of the positions of the particles. The wave function of the EPR state thus approximates a delta function δ(q 1 ∓ q 2 ) for r → ±∞.
In particular, this implies that this state approaches an eigenstate of the operator
in the appropriate limit leading to a vanishing variance, i.e.
V. PROBING THE SQUEEZING VIA BACKFLOW OF INFORMATION
In this section we give a brief survey of the notion of non-Markovianity in the dynamics of an open quantum system quantified by an information backflow. It is furthermore shown how the non-Markovianity, which is connected to the dynamics of the Bell states in this model, can be used to probe the squeezing of squeezed thermal states. We start by recalling that the measure quantifying the degree of non-Markovianity based on the information backflow is given by [12, 32] 
where ρ 1 , ρ 2 are two orthogonal states of the open system and
describes the rate of change of the trace distance
| of these states. This can be understood as an information flux due to the interpretation of the trace distance as a measure for the distinguishability of two states [33] [34] [35] . The set Φ = {Φ t |0 ≤ t ≤ T } denotes the one-parameter family of dynamical maps describing the dynamical evolution of the open system. Hence, the measure N determines the maximal increase of distinguishability for all pairs of (orthogonal) input states.
Employing this tool to quantify memory effects in our pure dephasing dynamics (19) , a backflow of information is signified by an increase of the coherences of the combined two-level systems. Of particular importance are the coherences κ 12 (t) and Λ 12 (t) (see Eqs. (47) and (48)) as they describe the nonlocal features of the joined state of the open system. It can be shown that they are connected to the entanglement of the Bell states
measured by the concurrence. For a two-qubit state having a spectral decomposition in terms of maximally entangled states with corresponding eigenvalues p i (i = 1, . . . , 4), the concurrence is given by [34] C(ρ) = max i∈{1,...,4}
The entanglement of the states ρ
In addition, one finds for the trace distance of the orthogonal Bell states
so that an increase of the distinguishability of the orthogonal Bell states is linked to revivals of entanglement quantified by the concurrence in our model.
A. Nonlocal rephasing for squeezed thermal states
We now study the dynamics of the two two-level systems given by Eq. (19) induced by squeezed thermal states with a covariance matrix whose nonzero entries obey Eqs. (50)-(52). In the following we restrict our considerations to subsequently applied local interactions which last equally long. Performing the maximization included in the measure N (57) numerically, one finds that the maximal increase is given by one of the two orthogonal pairs of Bell states as the coherence factors κ 1 (t) and κ 2 (t) decay monotonically. Thus, non-Markovian behavior is exclusively related to revivals of entanglement of the Bell states being determined by the nonlocal coherence factors κ 12 (t) and Λ 12 (t). In fact, only one of these coherence factors shows revivals depending on the sign of the squeezing parameter. For a positive squeezing, the orthogonal pair of Bell states |Ψ One immediately infers from the structure of the nonlocal coherence factors that the nonlocal memory effects are generated by the function f (t) [see Eq. (49)]. This function solely depends on the entries c ± of the covariance matrix (52), so that the revival of the coherences mainly depends, apart from the squeezing parameter, on the sum N Σ = N 1 + N 2 of the mean photon numbers. However, as the local factors κ 1 (t) and κ 2 (t) also enter the definition of the nonlocal coherence factors, they are also affected by the quantities a and b of the covariance matrix resulting in unique open system dynamics pertaining to the chosen parameters. Due to the parity of cosh and sinh, changing the sign of the squeezing parameter amounts to replacing f (t) by 1/f (t), thus, transforming |κ 12 (t)| into |Λ 12 (t)|, and vice versa. This explains the observed behavior regarding the pair of states yielding the maximal information backflow. Markovianity quantified by N obtained for this choice of the parameters is about 0.82 . Moreover, for a larger squeezing and a shorter interaction length, the effect is amplified yielding a completely decaying and subsequently reviving nonlocal coherence factor.
The non-Markovianity given by the maximal increase of |Λ 12 (t)| as a function of the interaction length for several values of the squeezing is shown in Fig. 3 . One sees that there exists an optimal duration of the subsequent interactions with respect to maximally reviving nonlocal coherences for a given value of the squeezing parameter r. The same observation can be made for truly thermal states where N i = 0 for i = 1, 2. Here, we concentrate on squeezed thermal states with equal mean photon numbers, i.e. N 1 = N 2 , as the dynamics of the nonlocal coherence factors is mainly affected by the sum of the mean photon numbers. Fig. 4 shows the optimal interaction length inducing maximal non-Markovian behavior measured by N for several squeezing parameters and summed mean photon numbers. Again, the stronger the squeezing for a given mean photon number N Σ the shorter must be the subsequently applied interactions to obtain a substantially reviving nonlocal coherence factor Λ 12 (t). This is reflected in the decreasing optimal interaction length depicted in Fig. 4 (a) . The effect of an increasing mean photon number on the optimal duration for a given squeezing can be seen in Fig. 4 (b) . Thus, we see that the strength of nonlocal memory effects depends on the magnitude of the coefficients c ± (52) and that the optimal interaction length revealing the maximal non-Markovian behavior is a decreasing function of the magnitude of these quantities.
Furthermore, by looking at Fig. 4 (a) , one recognizes that the maximal non-Markovianity occurring for the op- timally lasting local interactions is uniquely connected to the squeezing parameter for any fixed summed mean photon number. Thus, by means of the non-Markovianity of the two locally interacting two-level systems one can determine the squeezing parameter for a fixed and known temperature of the local environments. In this way the two-level systems represent a non-Markovian dynamical quantum probe for this environmental property.
An experimental implementation of this novel probing scheme requires knowledge about the mean photon numbers and to have full control over two two-level systems. This means that one must be able to prepare the system in the maximally entangled Bell states which then have to be made interacting locally with the multimode field for different times. For any duration of the interactions one must only compare the outcomes of the state tomography after the first and the second local interaction in order to determine the non-Markovianity induced by the squeezing. Hence, the scheme requires a reliable preparation of identical environmental states characterized by the squeezing parameter and mean photon numbers. We want to point out that the probing scheme is stable against an imperfect realization of equally lasting and successive local interactions. These imperfections solely diminish the rephasing of the Bell states leaving the unambiguous connection untouched which is at the heart of this strategy. A possible application of this scheme is to determine the squeezing of photon pairs generated by parametric down-conversion by means of the dynamics of the polarization degrees of freedom.
Finally, for a highly accurate experiment, it is even possible to determine the small differences in the open system dynamics caused by different mean photon numbers N 1 and N 2 which thus permits to assign not only the squeezing parameter but also the mean photon numbers to the dynamics of the Bell state. However, the accuracy regarding the determination of the non-Markovianity must be of the order of 10 −3 to resolve the different evolutions which may be challenging to achieve in experiments.
B. Extension to nonzero squeezing angles
The two-mode squeezed thermal states considered previously define a special subclass of squeezed states due to the assumption of a real-valued squeezing. In general, the squeezing operator
1b2 ] can have a complex valued parameter ξ = r exp[iφ] with φ ∈ [0, 2π) and r ∈ R + . The corresponding covariance matrix obtained after applying this operation to a thermal state has nonvanishing correlations between the canonical operators of the different modes, i.e. {q k ,p j =k } = 0. More precisely, one finds for the covariance matrix
where R(φ) = cos φ sin φ sin φ − cos φ . Employing the odd (even) parity of sin (cos), the transformation of the covariance matrix with the symplectic form Ω n [Eq. (33) ] discussed in the definition of the characteristic function [Eq. (36)] amounts to a flip of the sign of the squeezing angle φ.
The matrix R(φ) is not diagonal describing a state with nonvanishing cross-covariances if the squeezing angle is different from 0 or π. In order to solve the dynamics of the open system in this general situation, assuming again identical states for all two-mode Gaussian state and an ohmic spectral density, one has to consider Laplace transforms L of cos-modulated functions. For s = 0 we find > 0, the dynamics can be solved for nonvanishing cross-covariances c 12 and c 21 of a covariance matrix σ X . While the coherence factors κ 1,2 (t) remain unchanged, the nonlocal coherence factors attain an additional factor
where we have again set t s 1 = 0. For a general squeezed thermal state the nonlocal coherence factors (41) and (42) are then given by
with c 12 = c 21 = 1 2 (1 + N 1 + N 2 ) sinh(2r) sin φ. The optimal interaction length leading to a maximal rephasing of |Λ 12 (t)| for nonzero squeezing angles and several squeezing parameters is depicted in Fig. 5 . We point out that the non-Markovianity of the dynamics does not correspond to this rephasing in general. The maximizing pair might be given by the Bell states |ψ ± I associated to κ 12 (t).
Once again one observes that the larger the squeezing parameter the shorter the optimal duration of the local interactions. However, the connection between the rephasing as a function of the optimal interaction length is not as monotonic as for squeezing angles φ equal to 0 or π . While the magnitude of the revivals of Λ 12 (t) increases continuously with the squeezing for some parameters, e.g. φ = −π/4, it shows a non-monotonic behavior for φ = π/4 and decays even monotonically if φ = π/2. Nonetheless, the unambiguity of the rephasing as a function of the optimal duration of the local interactions and the squeezing parameters still allows the use of the open system as a dynamical quantum probe for these environmental properties. Hence, the monitoring of the time evolution of the Bell states for subsequently applied interactions and the determination of the resulting rephasing allows to estimate the squeezing parameter as well as the squeezing angle for any fixed and known mean photon numbers. 
FIG. 5. (Color online)
The maximal increase of |Λ12(t)| as a function of the optimal interaction length ωc∆t for environmental states described by σ STS X,r with N1 = N2 = 0 and different squeezing angles φ. The data points correspond to the rephasing of |Λ12(t)| obtained for different squeezing parameters ranging from r = 1 to r = 5 in integer steps. The optimal interaction length again reduces with increasing squeezing parameter.
VI. SEPARABLE GAUSSIAN STATES WITH STRONG NONLOCAL MEMORY EFFECTS
In the preceding section we discussed the existence of memory effects associated to the rephasing of the nonlocal coherences and showed how they can be employed as a quantum probe for the squeezing of two-mode squeezed thermal states. By looking at the necessary and sufficient criterion for entanglement in these states [see Eq. (53)], one observes that the considered thermal states are entangled except for the parameter combination r = 1 and N Σ = 8. The induced non-Markovianity for this environmental state is, however, just about 0.4 for an already relatively short optimal interaction length ω c ∆t = 0.12 .
Here, we show that entanglement is not necessary for strong nonlocal memory effects by considering the dynamics generated by two-mode mixed thermal states (MTS). These zero-mean Gaussian states are generated applying the unitary operator
, where θ ∈ [0, 2π) and τ ∈ R + , to a two-mode thermal state with mean photon number N 1 and N 2 , respectively. The unitary operation is, for example, represented by the action of a beam splitter on two modes of the electromagnetic field. In this case, the quantity cos 2 τ is typically referred to as the transmissivity of the beam splitter.
Assuming a perfect beam splitter, i.e. cos 2 τ = 1/2, and θ = 0 the diagonal covariance matrix of a two-mode thermal state given by σ X,th = diag(
Thus, the covariance matrix is in standard form and these states are obviously mixed for N 1 , N 2 = 0 which can also be seen by evaluating the purity, which is given by [22] Tr(ρ 2 ) = (2
for an n-mode Gaussian state. If we take the first mode entering the beam splitter to be in the vacuum state, i.e. N 1 = 0, and choose the parametrization N 2 = cosh(2r)− 1 with r ∈ R for the mean photon number of the second mode, the covariance matrix obeys
The passive transformation induced by U (χ) does not entangle the zero-mean two-mode thermal Gaussian state. For symmetric covariance matrices σ sym in standard form, i.e. a = b in (38), the Robertson-Schrödinger uncertainty relation (35) and the PPT criterion [26, 27] can be rewritten in the following way [22] :
whereby one deduces that the covariance matrix σ MTS X,r defines a separable state for all r ∈ R. Hence, for r = 0, implying nonvanishing cross-covariances q 1q2 , these states represent separable but correlated two-mode Gaussian states.
The position representation of these state is determined by means of the Weyl transform which represents the inverse of the Wigner transform. One obtains for the density matrix ρ σ MTS X,r
For r 1 one has B −1 ≈ 1 2
so that the diagonal elements ρ σ MTS X,r ( q, q) of the density matrix are proportional to
representing a Gaussian distribution with constant variance with respect to difference in the particle positions q 1 and q 2 . This is in contrast to the behavior for the EPR state where the diagonal elements in the position representation are increasingly (anti-)correlated in the particle positions with variance exp[−2|r|] for positive (negative) squeezing parameters, approaching a delta function δ(x 1 ∓ x 2 ) for r → ±∞. The (zero-mean) two-mode mixed thermal states thus have a nonvanishing second moment of the operator A − =q 1 −q 2 (cf. Eq. (56)) for any value of r. More precisely, one finds A 2 − = 1. The dynamics of |Λ 12 (t)| induced by these Gaussian states for α 1,2 = 1 and subsequently applied interactions of equal length (ω c ∆t = 2.5 · 10 −2 ) is presented in Fig. 6 (a) . By comparing the curves to the time evolution of the coherence factor induced by the EPR state (see Fig. 2 ) one recognizes that the rephasing is larger for the separable Gaussian states. This observation is confirmed evaluating the non-Markovianity as a function of the interaction length depicted in Fig. 6 (b) . One recognizes that the optimal duration of the local interaction is longer compared to EPR states along with an amplification of the induced non-Markovianity.
Note that the maximizing pair, exhibiting the largest backflow of information, is given by the Bell states |Ψ ± II for all values of r due to the symmetry of σ MTS X,r . Thus, while the entanglement of |Ψ ± I is monotonically decreasing due to the interaction it can be reobtained and thus preserved for an appropriately chosen interaction length for the other Bell states.
Though the dynamics of |Λ 12 (t)| induced by these separable Gaussian states is independent of the instant of time t s 1 at which the first interaction is turned on, the rephasing of the coherence factor is suppressed for t if the initial two-mode Gaussian states are chosen to be the EPR states. To explain this we observe that Gaussian states remain Gaussian under the free evolution of the bath modes, solely changing the argument of the characteristic function (31) according to
where ω i refers to the frequencies of the involved mode in the Weyl operator (34) . For the separable Gaussian states (73) one easily shows that the phase factors cancel out so that the characteristic function is invariant under the free evolution. This does, however, not hold for the EPR states. In this case the characteristic function depends on the frequencies and the elapsed time t making it impossible to retrieve the same Gaussian state for all pairs of modes after the free evolution. Hence, having identical Gaussian states seems to be of great importance for the occurrence of nonlocal memory effects which is spoiled by the free evolution of the bath modes. We elaborate on this observation in the next section.
VII. EXPLANATION OF THE NONLOCAL REPHASING
After having shown that there exist nonlocal memory effects with respect to the revivals of nonlocal coherences for appropriately adjusted parameters we now develop an explanation for the occurrence of this feature and derive a necessary and sufficient condition based on the entries of the covariance matrix.
We have observed that a proper choice of two-mode Gaussian states along with suitably lasting local interactions are essential. While for very short-time interactions the interesting coherence factor remains almost constant, it decays irretrievably for long-lasting ones. Furthermore, for successive interactions, introducing a gap between the turning off and on of the two local interactions, the revivals of the coherence factors are diminished, too. The same phenomenon is observed for the EPR states if the turning on of the first interaction is nonequal to zero as reported previously. Thus, the free evolution of the bath modes seems to lead to an irrecoverable displacement of the environmental states which evolve according to the dynamics induced by orthogonal states of the open system. This conjecture is strengthened by the findings for the second model presented in Ref. [8] showing nonlocal memory effects where no free evolution is incorporated. There, the rephasing relies solely on the equal duration of the subsequent interactions being independent of the actual length and a possible gap between the interactions. Furthermore, for environmental states in this model having perfectly anticorrelated frequency distributions, i.e. a correlation coefficient K = −1, the dynamics of the nonlocal coherence factors featuring revivals is trivial for simultaneously active interactions. The corresponding states of the environment are eigenstates of the interaction Hamiltonian if both interactions are turned on at the same time.
Based on these observation, we claim that nonlocal memory effects in the studied model can be explained by a modified ansatz neglecting the free evolution of the bath modes. For convenience, we also erase the free evolution of the open system so that the dynamics is then solely governed by H int (t). For two-mode Gaussian states showing nonlocal memory effects, we then expect to observe (almost) perfectly reviving coherence factors, Λ 12 (t) or κ 12 (t), for consecutive interactions while they should be (almost) constant if the interactions coexist under the approximate dynamics.
A. General dephasing model
We start by considering a general model undergoing dephasing which also comprises the approximated dynamics introduced before. The decoherence function F (t) has the general structure
where A refers to a self-adjoint operator. We assume that this operator can be written as the difference of two local operators A 1 and A 2 which are linear in the canonical variables and may vary independently in the spirit of the local interactions present in the original model. If the operators A i are simultaneously nonzero and ρ E refers to a Gaussian state one easily evaluates the decoherence function by means of a cumulant expansion which terminates at second order due to the linearity of A in the canonical variables:
where A = tr{Aρ E } and A 2 = A 2 − A 2 represents the second cumulant (variance). This shows that |F (t)| is exactly equal to 1 for all times t if and only if
from which one deduces that we must have
where Π a is the projection onto some subspace of an eigenspace of A with eigenvalue a. Note that the constraint (83) implies that
which is, however, only a necessary but not sufficient condition for |F (t)| = 1 in general.
In the case of subsequently applied operators A 1 and A 2 the decoherence factor obeys
during the first interaction of A 1 . Summarizing the discussion in the beginning of this section, we had that a strong rephasing effect can be observed over an appropriate time interval [0, t] if and only if the reviving coherence factor is almost constant for simultaneously active interactions and decays rapidly within the first interaction period for subsequent interactions. Based on this a necessary and sufficient condition for the occurrence of strong rephasing effects in the general dephasing model is given by
Assuming equal second cumulants for the local operators A 1 and A 2 , i.e. A 2 1 = A 2 2 , this can be reformulated as
denotes the correlation coefficient of the correlations between A 1 and A 2 . In order to satisfy Eq. (87) the correlation coefficient hence must be positive and close to one.
We point out that the choice of (two-mode) Gaussian states along with environmental coupling operators which are linear in the canonical observables are essential for the condition for the occurrence of strong nonlocal memory effects in the general dephasing model. If one of these requirements is not satisfied the cumulant expansion will not truncate at second order, leading in general to a more complicated set of conditions for the rephasing. 
whereq i k refers to the canonical position operator associated to the kth mode of subsystem i = 1, 2. Applying this Hamiltonian to the state |11 we see that the motion of the environmental degrees of freedoms can be described by an effective Hamiltonian
while one obtains
if H k int (t) is applied to the state |10 . Here, we assumed that the coupling constants are equal, i.e. g If the unitary dynamics is exclusively generated by H int (t) = k H k int (t), the time evolution of any environmental state induced by a system state |ij is described by the operator U ij (t) = exp −i k t 0 dsH k,ij int (s) . Due to this, the nonlocal coherence factors are given by
For simultaneously active local interactions, i.e. t f 1 = t f 2 , the local interaction times t i (t) are proportional to t for 0 ≤ t ≤ t f 1 . If, on the other hand, the interactions act one after the other, assuming t f 1 < t f 2 for convenience, one finds t 1 (t) = t and t 2 (t) = 0 for all t ∈ [0, t 
Here, we performed the continuum limit with an ohmic spectral density
c . The necessary and sufficient condition given in Eq. (87) thus reads
which proves that we observe a strong rephasing of Λ 12 (t) if and only if 1 − c + /a 1/2 while the approximate nonlocal coherence factor κ 12 (t) shows revivals if and only if 1 + c + /a 1/2 is satisfied. We note that for symmetric Gaussian states the quotient c + /a describes the correlation coefficient Kq 1 ,q2 between the canonical operatorsq 1 andq 2 , being defined by Kq 1,q2 ≡ q 1q2 / q 2 1 q 2 2 . Hence, neglecting the free evolution, strongly correlated canonical position operators implying Kq 1,q2 ≈ 1 yield the rephasing of Λ 12 (t) within the second interaction period while anticorrelations of the observablesq 1 andq 2 result in a reviving coherence factor κ 12 (t).
For the EPR state (see Sec. IV A) we find for the correlation coefficient
which approaches ±1 for r → ±∞, thus explaining the occurrence and the transition of the reviving coherence factor if the sign of the squeezing factor is changed. For this state the nonlocal memory effects are furthermore linked to the property of being an (approximate) projection onto some subspace of the kernel of A + or A − . However, as the example of two-mode mixed thermal states (73) shows, this can only be a sufficient condition. For this type of symmetric Gaussian states the correlation coefficient is given by
which gets close to +1 for |r| → ∞ coinciding with our observations. Figure 7 depicts the dynamics of |Λ 12 (t)| for successively acting local interactions and a two-mode Gaussian state described by the squeezed vacuum showing almost perfect rephasing. The coherence factors for the approximate dynamics are given by
if an ohmic spectral density with coupling strength α and cutoff frequency ω c is assumed. Applying the necessary and sufficient condition Eq. (86) to the approximate dynamics one obtains a constraint for the rephasing in terms of the first and second moments of the sum or difference of the canonical operators
which reveals that the two classes of zero-mean two-mode Gaussian states, the squeezed vacuum and the mixed thermal states, use different mechanism leading to nonlocal memory effects. While for the mixed thermal states the expectation value of
Eq. (56)] is constant as has been mentioned in Sec. VI, it converges to zero for the EPR state as it defines an approximate projection onto a subspace of the kernel of A − . For either states, however, the right-hand side diverges for |r| → ∞.
As the diminishing effect of the free evolution is not taken into account in the derivation of Eq. (96) we cannot hope that this criterion yields a sufficient condition in general if the full dynamics is considered. Despite that, we note that the maximal non-Markovianity for all considered two-mode Gaussian states is obtained for very short interaction times (cf. Figs. 3, 4 and 6(b)) so that the free evolution is almost negligible. We thus claim that under the condition ω c t 1 Eq. (96) provides not only a necessary but also sufficient condition for the occurrence of nonlocal memory effects under the full dynamics describing the model.
The link between the occurrence of nonlocal memory effects and the correlation coefficient of the canonical operators is particularly interesting as one can show that there is a unique relation between this quantity and the generalized concurrence C(ρ E ) for pure two-mode Gaussian states ρ E :
Thus, entanglement amplifies the strength of the nonlocal memory effects for pure two-mode Gaussian states. However, as reported in Sec. VI, entanglement is not the only source for reviving nonlocal coherences. As all two-mode Gaussian states which do not factorize have nonzero quantum discord [18, 19] , our model does unfortunately not allow to distinguish the relevance of quantum correlations for this effect.
VIII. CONCLUSIONS
In this paper we have studied the model of two noninteracting two-level systems coupled locally to correlated bosonic environments which was introduced previously in Ref. [8] in order to analyze the emergence of non-Markovian effects induced by nonlocal environmental correlations.
We have derived the exact solution for the dynamical map describing the time evolution of the open system for an environmental state given by a tensor product of identical two-mode Gaussian states. Our results demonstrate the occurrence of strong nonlocal memory effects due to correlated environmental states. A non-Markovian dynamics with respect to an information backflow is for example observed for squeezed thermal states. For these zero-mean two-mode Gaussian states we have shown that the strength of the nonlocal memory effects is uniquely connected to the squeezing of the multimode field as a function of the time duration of the consecutively applied local interactions. For known mean photon numbers, the dynamical evolution of the open system can thus be used to determine the squeezing in multimode fields. In this way, the locally interacting two two-level systems represent a non-Markovian dynamical quantum probe for the squeezing parameter and angle of the squeezed thermal state.
This probing scheme relies on independently switchable interactions which is motivated by the use of controllable quantum sensors testing the quantum system of interest. The non-Markovianity in the model under consideration is directly related to the evolution of the entanglement of two-qubit Bell states measured by the concurrence. The preparation of these states and the subsequent monitoring after the completion of the first and the second interaction for various interaction lengths suffices to reveal the squeezing of the two-mode Gaussian states if the mean photon numbers of the bath modes are known. We argued that the unambiguous connection of the squeezing to the revival of entanglement of a Bell state is also maintained for imperfect adjusted local interactions which overlap or are of unequal length so that this scheme can indeed be carried out at realistic experimental conditions. Determining the dynamics caused by two-mode mixed thermal states we have furthermore demonstrated that entanglement is not necessary for the occurrence of perfectly reviving nonlocal coherences. These separable, correlated two-mode Gaussian states show even stronger memory effects than the squeezed vacuum for any time duration of the interactions.
Finally, the phenomenon of nonlocal memory effects in this model has been explained by means of a general dephasing model and an approximate dynamics where the free evolution of the bath modes is neglected. Based on the results obtained for the general dephasing model we derived a necessary and sufficient condition for the occurrence of nonlocal memory effects for sufficiently short interaction times linking it to the magnitude of the correlation coefficient of the environmental coupling operators. We showed that the rephasing of a nonlocal coherence factor in our model occurs for short interactions compared to the environmental correlation time if and only if the correlation coefficient of the canonical position operators obeys |Kq 1,q2 | ≈ 1 .
The general model reveals that the assumption of Gaussian states along with environmental coupling operators which are linear in the canonical observables are essential in order to obtain this condition. For the EPR states condition (103) implies that the states are approximately given by a projection onto some subspace of the kernel of the interaction Hamiltonian. However, this does not hold for the separable mixed thermal states which are stable under the free evolution of the bath modes. In fact, as we have demonstrated here, these two classes of zero-mean two-mode Gaussian states employ quite different mechanisms leading to nonlocal memory effects.
